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Abstract
In this paper we discuss the connection between the geometric and tetrad
approaches in the quantum affine-metric gravity. The corresponding transition
formulas are obtained at the one-loop level. As an example, the one-loop coun-
terterms are calculated in the tetrad formalism in the theory with terms quadratic
in the torsion field. This model possesses the extra local symmetries connected
with transformation of the connection field. It is shown that the special gauge can
be chosen so that the corresponding additional ghosts do not contribute to the
one-loop divergent terms.
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1 Introduction
At the present moment there exists no perturbative renormalizable and unitary quantum
gravity. All suggested metric models of gravity are nonrenormalizable [1], [2] or non-
unitary [3] ones. The known models of the N = 1 supergravity are finite up to two
loops but may generate nonvanishing three-loop divergent counterterms. Models with
the extended (e.g.N = 8) supersymmetry or some other additional symmetry (e.g. the
local conformal symmetry) have better renormalization features, but there is no proof
of their complete finiteness by now.
The new type of quantum gravity is connected with a possibility for the quantum
(and possible classical) treatment of space-time to involve more than the Riemannian
space-time. The most interesting non-Riemannian manifolds are the space-time with
torsion [4] and affine-metric space-time [5], [6]. In these geometries, there are geometric
objects, additional to the metric tensor, such as torsion and nonmetricity tensors defined
as independent variables. At the present moment there are a lot of papers concerning the
classical problems of the affine-metric gravity, however, the renormalizability properties
of the theory have been studied insufficiently [7]. In particular, these theories possess
an additional symmetries connected with the local transformation of the connection
fields [8]. Additional global or local symmetries that are maintained at the quantum
level without generating anomalies may essentially improve renormalization properties.
The influence of these symmetries on the renormalizable properties of the affine-metric
quantum gravity is discussed in papers [9]. New hopes for a more perfect quantum
gravity arose in connection with string. The discussion of the bosonic string on the
affine-metric manifold is given in paper [10].
The affine-metric manifold permits the geometric and tetrad description. The geo-
metric approach implies the description in terms of the metric gµν and affine connection
Γ¯σµν . The basic objects are expressed as:
• curvature
R¯σλµν(Γ¯) = ∂µΓ¯
σ
λν − ∂ν Γ¯σλµ + Γ¯σαµΓ¯αλν − Γ¯σανΓ¯αλµ
• torsion
Q¯σµν(Γ¯) =
1
2
(
Γ¯σµν − Γ¯σνµ
)
• nonmetricity
W¯σµν(g, Γ¯) = ∇¯σgµν = ∂σgµν − Γ¯αµσgαν − Γ¯ανσgαµ
In the tetrad formalism, for describing the manifold we use the tetrad eaµ and the
local Lorentz connection Ω¯abµ. Using the following relations [6]
gµν = e
a
µe
b
νηab (1)
∇¯σeaµ = ∂σeaµ + Ω¯abσebµ − Γ¯νµσeaν = 0 (2)
where ηab is the Minkowskian metric, we can obtain main geometric objects in the tetrad
formalism
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• curvature
R¯σλµν(Γ¯) = R¯
a
bµν(Ω¯)e
σ
a e
b
λ = (∂µΩ¯
a
bν − ∂νΩ¯abµ + Ω¯aαµΩ¯αbν − Ω¯aανΩ¯αbµ)e σa ebλ
• torsion
Q¯σµν(Γ¯) = Q¯
a
µν(e, Ω¯)e
σ
a = −
1
2
(
∂µe
a
ν − ∂νeaµ + Ω¯abµebν − Ω¯abνebµ
)
e σa
• nonmetricity
W¯σµν(g, Γ¯) = W¯σab(Ω¯)e
a
µe
b
ν = −
(
Ω¯abσ + Ω¯baσ
)
eaµe
b
ν
The Lagrangian of a gauge theory is built out of terms quadratic in the strength
tensor of fields. The curvature is the field-strength tensor of affine and local Lorentz
connections. The field-strength tensor for the metric and the tetrad is different. For the
former it is the nonmetricity tensor; for the later the torsion tensor. As consequence,
the Lagrangian of the affine-metric gravity will have the different form in these two
approaches. Nevertheless, this Lagrangian contains about two hundred of arbitrary
parameters. It is very difficult to work with such a cumbersome expression. Moreover,
some of these coefficients may be equal to zero. We don’t know what coefficients are
nonzero and only the construction of renormalizable a theory of gravity may answer this
question. Hence, any Lagrangians with dimension 2 and 4 terms constructed from the
contraction of the curvature, torsion and nonmetricity tensors may be considered as a
model of quantum affine-metric gravity.
The number and type of propagating fields depend on the choice of the initial La-
grangian and description approach. In the Lagrangian of the affine-metric quantum
gravity fields may exist which are nonpropagating, nondynamical in one formalism (these
fields are the nonlinear second class constraints) and propagating, dynamical in another.
Due to the unresolved problems of the loop calculations in the theory with second class
constraints it is desirable to use the formalism in which all fields are propagating ones.
Hence, one needs to have the corresponding quantum transition expressions in order to
pass from one formalism to another.
In this paper we will obtain the transition expression (7) from one formalism to
another at the quantum level in the affine-metric gravity. As its application we calculate
the one-loop counterterms in the theory with terms quadratic in the torsion field in
the tetrad formalism. This model possesses the extra local symmetries connected with
transformation of the connection field. We will research the influence of this symmetries
on the one-loop counterterms.
The following notation and conventions are accepted:
c = h¯ = 1; µ, ν = 0, 1, 2, 3; a, b = 0, 1, 2, 3; k 2 = 16πG; ε =
4− d
2
;
e = det(e); (g) = det(gµν),
2
Objects marked by bar are constructed by means of the affine connection Γ¯σµν . The
others are the Riemannian objects. Parentheses around index pairs denote symmetriza-
tion. The Riemannian connection is Γσµν = g
σλ 1
2
(−∂λgµν + ∂µgλν + ∂νgλµ). For further
calculations one needs to define the following tensor object: Dσµν = Γ¯
σ
µν − Γσµν
2 Connection between the geometric and tetrad ap-
proaches at the one-loop level in the affine-metric
quantum gravity
To obtain the corresponding transition expressions at the one loop level let us use the
following method: introduce relations (1) and (2) in the initial Lagrangian with the
corresponding Lagrange multipliers [6]:
Stot = Sgr(g, Γ¯, e, Ω¯) +
N (µν)
k 2
(
gµν − eaµebνηab
)
+
Mσ µa
k 2
∇¯σeaµ (3)
where Sgr(g, Γ¯, e, Ω¯) may depend on all variables. In this approach relations (1) and (2)
are the second class constraints. The Lagrange multiplies are dynamical variables. As a
consequence, the Lagrange multiplies may be modified due to loop corrections.
For obtaining the one loop transition expressions we will use the background field
method [11]. In accordance with the background field method, all dynamical variables
are rewritten as a sum of classical and quantum parts:
eaµ = e
a
µ + kH
a
µ, Ω¯
a
bµ = Ω¯
a
bµ + kω
a
bµ,
Γ¯
σ
µν = Γ¯
σ
µν + kγ
σ
µν , gµν = gµν + khµν
Nµν = Nµν + knµν , Mµ νa =M
µ ν
a + km
µ ν
a . (4)
where gµν , Γ¯
σ
µν , e
a
λ, Ω¯
a
bβ , N
µν and Mσ µa are classical parts satisfying the following equa-
tion of motion:
δStot
δΩ¯abσ
=
δS
δΩ¯abσ
+Mσ ba = 0,
δStot
δΓ¯νµσ
=
δS
δΓ¯νµσ
−Mσ µν = 0
δStot
δecσ
=
δS
δecσ
− 2N (λσ)ecλ − ∇¯λMλ σc = 0,
δStot
δgµν
=
δS
δgµν
+ 2N (µν) = 0. (5)
where Nµν and Mσ λa are the tensor densities.
Expanding the action Stot in powers of quantum fields up to the terms quadratic in
the quantum fields, we obtain the action for the calculation of the one-loop counterterms
S
(2)
tot = n
µν(hµν −Hµν −Hνµ)−NµνHaµHaν +Mσµa (ωabσHbµ − γνµσHaν)
+ mσ µa (∇¯σHaµ + ωaµσ − γaµσ) + Seff
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where Seff is the action S (g, Γ¯, e, Ω¯) quadratic in the quantum fields.
The action S
(2)
tot is invariant under the general coordinate transformations
xµ → ′xµ = xµ + kξµ(x)
Haµ(x) → ′Haµ(x) = −∂µξνeaν(x)− ξν∂νeaµ(x) +O(k)
wabµ(x) → ′wabµ(x) = −∂µξνΩ¯abν(x)− ξν∂νΩ¯abµ(x) +O(k)
hµν → ′hµν = hµν −∇µξν −∇νξµ +O(k)
γσµν → ′γσµν = ∂αξσΓ¯αµν − ∂µξαΓ¯σαν − ∂νξαΓ¯σµα − ∂µνξσ +O(k)
and under the local Lorentz rotations
xµ → ′xµ = xµ + kΘµν(x)xν
wabµ(x) → ′wabµ(x) = ΘacΩ¯cbν(x)−ΘcbΩ¯acµ(x)− ∂µΘab +O(k)
Haµ(x) → ′Haµ(x) = Θabebµ(x) +O(k)
The local Lorentz symmetry is fixed by means of the following gauge [2]:
H[µν] = 0 (6)
To violate the general coordinate transformation, we use the following gauge condi-
tion:
fµ = T µσ(αβ)∇σhαβ + (Eµρλ αβσ ∇ρ∇λ +Gµ αβσ )γσαβ +Kµσ(αβ)∇σH(αβ)
Lgf =
1
2ζ
fµχµνf
ν
where χµν is the differential operator; T
µσ(αβ), Kµσ(αβ)Eµρλ αβσ and G
µ αβ
σ are the tensors
depending on the background fields, ζ is the gauge parameter. The ghost action is
Lgh = −
(
c¯µ C¯σλ
) χµπ
((
T πγ(ωρ) +Kπγ(ωρ)
)
∇γ∇ρ + Jπω
)
0
1
2
(δωλ∇σ − δωσ∇λ) + Ω ωσλ gσαgλβ


(
cω
Cαβ
)
e
where {c¯µ, cν} and {C¯σλ, Cµν} are the ghost fields connected with the general coordinate
and local Lorentz transformations and
Jµω = (E
µρλ αβ
σ ∇ρ∇λ +Gµ αβσ )
(
δσωD
τ
αβ∇τ −Dσωβ∇α −Dσαω∇β −∇ωDσαβ
− 1
2
(∇α∇β +∇β∇α)δσω +
1
2
(Rσαβω +R
σ
βαω)
)
The gauge fixing term with higher derivatives may break the unitary of the theory.
To avoid this problem we consider the case Eµρλ αβσ = 0. Introducing the notations
sµν =
1
2
(Hµν +Hνµ) and tµν =
1
2
(Hµν −Hνµ) we have
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eiW =
∫
exp
(
Seff(g, Γ¯, e, Ω¯) + Sgh + Sgf +M
σ µ
a (ω
a σ
b H
b
µ − γνµσHaν)
−NµνHaµHaν
)
dhαβ dγ
σ
µν dsµν dtαβ dω
a
bµ dc¯
µ dcν dC¯σλ dCµν
δ(hµν − 2sµν)δ(tαβ)δ(∇¯σsaµ + ωaµσ − γaµσ)(detχµν)
1
2
Let us write the action Sgr(g, Γ¯, e, Ω¯) of the affine-metric gravity either in the geometric
formalism (g, Γ¯) or tetrad approach (e, Ω¯). Then, from the equation of motion (5) we
obtain
Mσ λa = N
µν = 0
The contribution of the Lorentz ghosts in the effective action is trivial in the gauge
(6) in the dimensional regularization. The one-loop generating functional is :
eiW =
∫
exp
(
Seff(g, Γ¯, e, Ω¯) +
1
2ζ
fµχµνf
ν
)
dhαβ dγ
σ
µν dsµν dtαβ dω
a
bµ dc¯
µ dcν
det
(
χµπ
((
T πγ(ωρ) +Kπγ(ωρ)
)
∇γ∇ω + Jπρ
))
δ(hµν − 2sµν)δ(tαβ)δ(∇¯σsaµ + ωaµσ − γaµσ)(detχµν)
1
2
Hence, in the gauge (6) the transition expressions from one formalism to another are
hµν = 2H(µν)
γ(µν)σ = ω(µν)σ + ∇¯σH(µν)
γ[µν]σ = ω[µν]σ
H[µν] = 0 (7)
The contribution of the ghost fields to the one loop counterterms in the gauge (6) is
independent of the choice of a formalism.
3 The linear gravity with the torsion terms
Consider a simple model with the terms quadratic in the torsion fields. The Lagrangian
of the model is the following:
Sgr = − 1
k 2
∫
d4x
√−g
(
R¯(Γ¯)− 2Λ + b1Q¯σµνQ¯σµν + b2Q¯σµνQ¯νµσ + b3Q¯σQ¯σ
)
(8)
where Λ is a cosmological constant, {bi} are arbitrary constants and Q¯σ = Q¯λσλ
The torsion tensor has a different meaning within the geometric and tetrad for-
malisms. In the tetrad approach the torsion tensor is the strength tensor of tetrad
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fields, whereas in the geometric approach the torsion tensor plays an auxiliary role. Let
us calculate the one-loop counterterms for the model (8) within the tetrad approach
where eaµ and Ω¯
a
bσ are independent dynamical variables. For calculating the one-loop
counterterms we will use the background-field method [11] and expressions (7).
In the case of special choice of the coefficients {bj} the action (8) is invariant under
the extra local transformations of the connection field [8]. This extra invariance is the
sum of the projective invariance:
Γσµν(x) → ′Γσµν(x) = Γσµν(x) + kδσµCν(x) (9)
and antisymmetric one
xµ → ′xµ = xµ
gµν(x) → ′gµν(x) = gµν(x)
Γσµν(x) → ′Γσµν(x) = Γσµν(x) + kgσλI[λµν](x) (10)
where Cν(x) and Iλµν(x) are an arbitrary vector and antisymmetric tensor respectively.
These invariances (9) and (10) arises from the following choice of coefficients {bj}:
b2 = b1 − 1, b3 = 1
3
− b1
The classical equations of motion are:
Rµν = Λgµν
Dσµν = 0 (11)
We will consider the theory with the additional invariances (9) and (10). For sim-
plicity we will calculate the one-loop counterterms on shell (11).
The one-loop Lagrangian on-shell quadratic in the quantum fields is
Leff = −1
2
γσµνF
µν αβ
σ λ γ
λ
αβ −
1
2
hαβ Xαβµν h
µν − γλαβB αβσλ µν∇σhµν (12)
where
F βλ νσα µ = g
βλδναδ
σ
µ + g
νσδλαδ
β
µ − b1gβσδναδλµ − b1gλνδσαδβµ
+ b1 gαµg
βνgσλ − b1 gαµgλνgβσ + b1 − 1
2
(
gλσδβµδ
ν
α + g
βνδλµδ
σ
α
)
+
1− 3b1
6
(
gβνδλαδ
σ
µ − gβσδνµδλα − gλνδβαδσµ + gσλδβαδνµ
)
P αβµν =
1
4
(
gαµgβν + gανgβµ − gαβgµν
)
B
αβσ
λ µν = 2
(
δσλP
αβ
µν − δβλP ασµν
)
Xαβµν = 2ΛPαβµν
6
This expression was obtained in the geometric formalism. We can rewrite the La-
grangian (12) in the tetrad formalism using expressions (7). For further calculations let
us introduce the following notation: ωσµν = ω[σµ]ν + ω(σµ)ν ≡ p[σµ]ν + l(σµ)ν . Then,
Leff =
(
−1
2
pσµνF
(3) µν αβ
σ λ p
λ
αβ − 2HαβHµνXαβµν − 2pλαβB αβσλ µν∇σHµν
−1
2
(
lσµν +∇νHσµ
)
F
(4) µν αβ
σ λ
(
lλαβ +∇βHλα
)
−
(
lλαβ +∇βHλα
)
2B αβσλ µν∇σHµν
)√−g (13)
where ωσµν and Hµν are defined in (4) and
F (3)σµνλαβ = F [σµ]ν[λα]β, F (4)σµνλαβ = F (σµ)ν(λα)β
Expression (13) is expansion of the initial Lagrangian (8) written in the tetrad for-
malism up to terms quadratic in the quantum fields with the local Lorentz connection
Ωabσ and tetrad e
a
λ as independent dynamical variables. In this expression the local
Lorentz symmetry is broken by the condition (6). To define the propagator of the quan-
tum field ωσµν(γ
σ
µν) we must fix the additional symmetries (9) and (10) at the quantum
level. The gauge conditions are
f
(1)
λ = A1δ
β
λδ
α
σγ
σ
αβ = A1δ
β
λδ
α
σ
(
ωσαβ +∇βHσα
)
(14)
f (2)
λ
= A2ε
λσαβγσαβ = A2ε
λσαβωσαβ (15)
Laddgf =
1
2
f (1)λf
(1)
λ +
1
2
f (2)λf
(2)
λ ;
where the constants A1 and A2 are nonzero. We violate the coordinate invariance of the
action by means of the following gauge:
Fµ = ∇νHνµ −
1
2
∇µHαα
Lcoorgf = 2FµF
µ
The corresponding one-loop ghost on-shell Lagrangian is
Lgh = −
(
c¯µ C¯σλ χ¯µ η¯µ
)


δµν (∇2 + Λ) 0 0 0
Zσλν δ
σ
αδ
λ
β 0 0
A1g
µω∇ω∇ν 0 A1δµν 0
A2△µν A2ǫµωαβ∇ω 0 ǫµσλν




cν
Cαβ
χν
ησλν

 (16)
where {c¯ν , cµ, }, {C¯αβ, Cµν}, {χ¯α, χβ}, {η¯σ, ηλµν} are anticommuting ghost fields con-
nected with the general coordinate, local Lorentz, projective and antisymmetric trans-
formations, respectively. △µν and Zµν are
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Z νσλ =
1
2
(δνσ∇λ − δνλ∇σ)− Ω νσλ
△µν = ǫµλαβ
(
Ωαβν∇λ +∇νΩαβλ + ΩαcλΩcβν − ΩαcνΩcβλ
)
After inessential redefinition of the ghost fields we obtain that the one-loop contribu-
tion of the {C¯αβ, Cµν}, {χ¯α, χβ}, {η¯σ, ηλµν} ghosts to the effective action is proportional
to δ4(0). In the dimensional regularization [12], [δ4(0)]R = 0 and the contribution of
these ghosts to the one-loop counterterms is equal to zero.
Replace the dynamical variables in the following way:
p˜σµν = p
σ
µν + 2F
−1(3)σ λ
µν αβB
αβτ
λ ρǫ∇τHρǫ
l˜σµν = l
σ
µν +∇νHσµ + 2F−1(4)σ λµν αβB αβτλ ρǫ∇τHρǫ (17)
where
F
−1(3)σµνλαβ
= F
−1[σµ]ν[λα]β
, F
−1(4)σµνλαβ
= F
−1(σµ)ν(λα)β
and
F
−1α µ
βσ νλ = −
1
4
gαµgβσgνλ +
(
1
4
+
1
9b1
+
1
36A2
)
gαµgβνgσλ −
(
1
12
+
1
18b1
)
gνβδ
µ
λδ
α
σ
+
1
4
(
gνλδ
µ
βδ
α
σ + gβσδ
α
ν δ
µ
λ
)
−
(
1
4
+
1
18b1
− 1
36A2
)(
gνσδ
α
λδ
µ
β + gβλδ
µ
σδ
α
ν
)
+
1
8
(
gνλδ
µ
σδ
α
β + gβσδ
α
λδ
µ
ν
)
+
(
1
4
− 1
9b1
− 1
36A2
)
gαµgσνgβλ
−
(
1
24
− 1
18b1
)(
gβλδ
µ
ν δ
α
σ + gσνδ
α
β δ
µ
λ
)
−
(
1
48
+
1
18b1
− 1
16A1
)
gσλδ
µ
ν δ
α
β
−
(
1
4
− 1
18b1
+
1
36A2
)(
gνβδ
µ
σδ
α
λ + gσλδ
µ
βδ
α
ν
)
(18)
and b1 6= 0.
The replacement (17) does not change the functional measure
det
∣∣∣∣∣∂(H, l˜, p˜)∂(H, l, p)
∣∣∣∣∣ = 1
In the new variables the action (13) is the following:
Leff =
(
−1
2
p˜σµνF
(3) µν αβ
σ λ p˜
λ
αβ −
1
2
l˜σµνF
(4) µν αβ
σ λ l˜
λ
αβ − 2HµνHσλ (Rµσνλ −Rµσgνλ)
+ ∇σHαβ∇λHαβgσλ − 2∇µHµν∇λHλν + 2∇µHσσ∇νHµν −∇σHµµ∇λHννgσλ
− 2HαβHµνXαβµν
)
e
8
where F
αβ µν
σ λ = F
αβ µν
σ λ + f
(1)λf
(1)
λ + f
(2)λf
(2)
λ .
The one-loop counterterms on the mass-shell including the contributions of the quan-
tum and ghost fields are
△Γ(1)
∞
= − 1
32π2ε
∫
d4x
√−g
(
53
45
RαβµνR
αβµν − 58
5
Λ2
)
(19)
4 Conclusions
In the present paper we have obtained the transition expressions (7) which connect the
geometric and tetrad approaches at the one-loop level within the background formalism.
Using these expressions one-loop quantum corrections and renormalization properties of
the affine-metric quantum gravity can be investigated in an arbitrary formalism. The
essential step for finding of these transition expressions is the gauge (6) fixing the local
Lorentz invariance.
Let us consider the model (8) with extra local symmetries (9) and (10).
1. The projective (9) and antisymmetric (10) invariances do not influence on the
renormalizability of the model (8).
2. In the model (8) the terms which are quadratic over the torsion fields do not
contribute to the one-loop counterterms neither in the geometric nor in the tetrad
approach. So, we can assert, that in the theory with quadratic in the torsion and
nonmetricity Lagrangian these fields play an auxiliary role at the quantum level,
violating the extra local symmetries of the affine-metric gravity.
3. The special gauges ((14) and (15)) are found so that the corresponding action
for ghosts related to the extra local symmetries transformations has an algebraic
form. In any invariant regularizaton with [δ(0)]ren = 0 its contribution into one-
loop counterterms is zero.
4. The additional condition (b1 6= 0) arising in the definition of connection field
propagator (18) corresponds to the new symmetry of our theory. We do not know
how the connection field transforms under this new symmetry. Only point we know
exactly is the metric and matter fields are invariant under these transformations.
5. The theory involved is renormalizable at the one-loop level on the mass-shell.
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